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investigate the probability of collision (Pr[C]) and aggregation (Pr[A]) under the action of
gravitational, viscous, contact (visco-elastic), electrostatic and van der Waals forces. In

Keywords:

ortho-axial (i.e., frontal) collision, Pr[A] of equivalent spheres was always 1, however, sto-

Suspended particle

chastic analysis of collision among spheropolygons showed that Pr[A] decreased asymp-

Shape

totically with N increasing, and decreased further in peri-axial (i.e., tangential) collision.

Collision

Trajectory analysis showed that not all collisions occurring within the attraction zone of

Aggregation

the double layer resulted in aggregation, neither all those occurring outside it led to relative

Surface morphology

departure. Rather, the relative motion on surface asperities affected the intensity of con-

Stochastic analysis

tact and attractive forces to an extent to substantially control a collision outcome in either
instances. Spheropolygons revealed therefore how external shape can influence particle
aggregation, and suggested that this is equally important to contact and double layer forces
in determining the probability of particle aggregation.
ª 2014 Elsevier Ltd. All rights reserved.

1.

Introduction

Suspended particle matter (SPM) is one of the primary contributors to biological, chemical and physical processes in
natural aqueous environments (e.g., van Leussen, 1999;
Lartiges et al., 2001; Cloern, 2001). In fact, SPM promotes microbial activities (e.g., respiration and growth, Riebesell, 1991;
Boetius et al., 2000; Simon et al., 2002; Kiorboe, 2003; Maggi,

2009), biogeochemical nutrient cycling (e.g., Knowles, 1982;
Herbert, 1999; Laverman et al., 2006), redox and remineralization processes (e.g., Anderson, 1982; Fowler and Knauer,
1986), and transport of organic and inorganic chemicals (e.g.,
nutrients, contaminants, hydrocarbon pollutants, etc., Ongley
et al., 1981; Lick and Rapaka, 1996; Tye et al., 1996; Leppard
et al., 1998).
Numerical modelling of SPM has become an important
approach to understand and predict SPM pathway and fate as
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[L] Relative displacement
[L] Overlapping length
[L] Tangential elastic displacement
[ML1T1] Fluid dynamic viscosity
[L1] Reciprocal Debye length
[T1] Coefficient of damping
[ML2T3I1] Surface electric potential
[T4I2M1L3] Permittivity of vacuum
[] Dielectric constant of water
[L] Distance between spheropolyflocs surface
[L] Distance with neutral double layer force
[L] Distance between centers of mass of
spheropolyflocs
[LT2] Gravitational acceleration
[MT2] Coefficient of stiffness
[ML1] Mass of spheropolyfloc per unit depth
[L] Spheroradius
[L] Equivalent radius
[LT1] Velocity
[] Subscript of normal component
[] Subscript of tangential component
[MLT2] Van der Waals attractive force
[MLT2] Contact force
[MLT2] Drag force
[MLT2] Elastic force
[MLT2] Gravitational force
[MLT2] Electrostatic repulsive force
[MLT2] Viscous force
[ML2T2] Hamaker constant
[] Reference pixel image
[] Spheropolygon image
[ML1] Effective mass of spheropolyflocs
[] Number of vertices
[] Probability of aggregation
[] Probability of collision
[%] Relative error
[] Error between I and ISP in pixels
Fast Fourier Transform
Particle-based model
Suspended particle matter

well as the transport of adsorbed chemicals and attached
mircoorganisms. The majority of SPM transport models
involve advective and sedimentary flows, which generally
require the assumptions of spherical and non-porous particles as in the Stokes regime (Stokes, 1851). These assumptions
provide analytical simplicity to describe particleeparticle interactions (Wacholder and Sather, 1974), settling (e.g., Rubey,
1933; Clift et al., 1978; Krishnappan, 1990; Han and Lawler,
1991), collision rate (e.g., Abrahamson, 1975; Valioulis and
List, 1984), and aggregation and breakup probability (e.g.,
Saffman and Turner, 1956; Han and Lawler, 1991). SPM
transport models were improved when porous spherical particles were adopted (e.g., Kusters et al., 1997; Wu and Lee,
2001). Among many, Stolzenbach (1993) observed very
distinct collision kinetics between porous and non-porous
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particles, and was able to achieve a better estimation of
collision and aggregation probability using porous spheres.
SPM models were further improved by fractal scaling laws,
that is, higher-order aggregates were assumed to be made by
(statistically) self-similar assemblies of lower-order aggregates (e.g., Krone, 1962; Meakin, 1991; Kranenburg, 1994;
Maggi, 2007). Since then, fractal scaling laws, which often
assumed aggregates to be made of multiple spherical primary
particles, have been successfully used to describe settling
velocity (e.g., Winterwerp, 1999; Vahedi and Gorczyca, 2011;
Maggi, 2013), flocculation rate (e.g., Li and Logan, 1997; Serra
and Casamitjana, 1998; Serra and Logan, 1999; Kim and
Stolzenbach, 2004) and sediment fluxes (e.g., Kranenburg,
1994; Stone and Krishnappan, 2003).
In nature, however, neither SPM aggregates nor primary
particles are perfectly smooth, solid spheres, but rather, they
are irregularly-shaped bodies with varying shape, size and
porosity. Parametric studies have addressed the significance
of SPM shape as one of the factors that affects its dynamics
(e.g., Clift et al., 1978; Dietrich, 1982; Vainshtein et al., 2004).
For example, Corey shape factor (Corey, 1949), dynamic shape
factor (Briggs et al., 1962), and Janke shape factor (Janke, 1966)
expressed particle shape using complex empirical equations.
These morphological studies, however, based on parametric
quantities that may have limited effectiveness to describe
particle shape and contact dynamics in an explicit way.
Hence, we recognize the existing gaps in the characterization
of SPM shape, the need to understand the extent to which SPM
shape affects its dynamics, and how shape can explicitly be
accounted for in experimental, theoretical and numerical
investigations.
Here, we propose a morphological approach to describe the
shape of SPM aggregates by using spheropolygons and we
address the significance of accurate shape description on
collision dynamics between suspended particles and aggregates using both experimental data and analytical tools. In
this study, images of kaolinite aggregates suspended in water
were acquired with a mPIV system, and were used to generate
spheropolygons with different levels of accuracy. We then
used these spheropolygons within a particle-based model
(PBM) to assess various particleeparticle interaction features
such as (i) the probability of aggregation in relation to spheropolygon accuracy; (ii) effect of particle relative axial
displacement on aggregation kinetics; and (iii) particle interactions within the double layer barrier. Analysis of these
results led to the discussion of morphological effects on SPM
collision and aggregation kinetics.

2.

Methods

2.1.

Experiments with kaolinite mineral

Kaolinite mineral (type Q38, with primary particle size
(diameter) ranging between 0.6 mm to 38 mm) was hydrated in
distilled water at a concentration of 8.8 g/L. A 20 ml suspension was poured into a 50 ml beaker and a magnetic stirrer
was used to provide constant gentle mixing. SPM aggregates
were sampled approximately 10 mm below the surface using a
Pasteur pipette with 3 mm opening tip to reduce shear as
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recommended in Gibbs and Konwar (1982), and were gently
transferred to a Perspex tank. During both sampling and
transferring, the pipette tip was fully submerged in the solution and aggregates were gently released. These procedures
could reduce suction and shear resulting from pipetting that
may lead to floc breakup.
Images of kaolinite aggregates settling down the Perspex
tank were acquired using a mPIV system, which consisted of a
CCD camera (Prosilica GC-2450), a high magnification lens
(Navitar 12 Body Tube) and a Cree LED light source of 3.7 W.
The CCD camera had a size of 2448  2050 pixel, 8-bit grayscale
depth with a frame rate of 15 Hz at full size and was connected
to a host computer. Aggregate images were then acquired
using Image Acquisition Toolbox in Matlab R2012a. The magnification lens was equipped with a continuous zoom with
magnification steps ranging from 0.58 to 7.0, which corresponded to a resolution from 4.4  4.4 mm2 per pixel to
0.37  0.37 mm2 per pixel. In this experiment, a magnification
level of 2.5 was used, i.e., the resolution was about 1 mm2 per
pixel.
Grayscale images of kaolinite aggregates, with intensity
ranging from 0 (black) to 255 (white), were processed to
separate the background from the region of interest. Fast
Fourier Transform (FFT) was applied to remove high frequency background noise, whereas a two-threshold algorithm
(imadjust function in Matlab R2012a) was used to adjust image
intensity. Images were then converted to black and white with
zeros for background (black) and ones for illuminated aggregates (white) based on threshold values calculated using
graythresh function in Matlab R2012a. Images that contained
out-of-focus aggregates were disregarded.

2.2.

Spheropolygon optimization

The shape of kaolinite aggregates was approximated at
various degrees of accuracy by using spheropolygons with
different values of N and r. Processed images of kaolinite aggregates were used as the reference pixel image I to generate a
spheropolygon image ISP. The error V in pixels was determined
as V ¼ P(jISP  Ij), where P(X) is a function that calculates the
number of white pixels (i.e., the number of ones) in the image
matrix X.
Spheropolygon optimization consisted in minimising V by
using an algorithm similar to that proposed in Dobrohotoff et al.
(2012). To this end, each vertex with coordinates (xk, yk) with
k ¼ 1,., N was incrementally moved in the plus and minus x
and y directions from h to þh, with h the spatial discretization
length. The error V resulting from each movement was updated
and used to determine its gradient VV ¼ (dV/dx, dV/dy), where dV/
dx and dV/dy are the central differences. The vertex position in
the next iteration was calculated by solving the equation of
motion of that vertex (Allen and Tildesley, 1993),
HVV þ c

dx d2 x
¼ 2;
dt
dt

where H ¼ 0.5 is the force factor and c ¼ 2 is the damping
factor. Iterations continued until the minimum V and the
optimal spheropolygon (here called spheropolyfloc) was
found. Spheropolyfloc accuracy was expressed by the percent
error relative to I
RE ¼

V
 100:
PðIÞ

(2)

In this work, 17 values of N (ranging between 4 and 64), and
3 different values r (i.e., r ¼ 1 mm, 2 mm and 4 mm) were used to
generate spheropolyflocs.

Definition of spheropolygon

A spheropolygon is defined as the Minkowski sum of a polygon with N vertices and a disk with radius r (also known as
spheroradius) (Dobrohotoff et al., 2012)
P4Q ¼ fu þ vju˛P; v˛Qg;

2.3.

(1)

where u and v are the sets of points belonging to the polygon P
and disk Q, respectively. Note that 4 is symmetric (i.e.,
P4Q h Q4P). An example of spheropolygon with N ¼ 16 and
r ¼ 4 mm is shown in Fig. 1.

2.4.

Spheropolyfloc interaction forces

Kinetic interactions between spheropolyflocs were modelled
using a modified particle-based model (PBM) in a twodimensional domain based on Alonso-Marroquin (2008). In
!
this model, each spheropolyfloc undergoes gravitational F G
!
and drag F D forces, which modulus is defined respectively as
(Stokes, 1851)
FG ¼ mg;

(3)

FD ¼ 6preq gv;

(4)

where m ¼ rsA is the spheropolyfloc mass per unit depth with
rs the surface density of kaolinite aggregates and A the
spheropolyfloc area, g is the gravitational acceleration, g is the
fluid dynamic viscosity, req is the equivalent radius and v is the
velocity.
!
Van der Waals attractive force F A and electrostatic repul!
sive force F R , were implemented into this PBM to account for
the double layer forces, with their modulus being defined as
(e.g., Hamaker, 1937; Bhattacharjee et al., 1998)
Fig. 1 e Polygon P with N [ 16 (solid line) and disk Q with
r [ 4 mm (circles) are shown with the spheropolygon P4Q
drawn (dashed line).

FA ¼ HA

6d2

req req
 i j ;
reqi þ reqj

(5)
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FR ¼ f2

4pε0 εr kreqi reqj
reqi þ reqj

expðkdÞ

(6)

where HA is the Hamaker constant, reqi and reqj are the
equivalent radii of spheropolyflocs i (receiving particle) and j
(approaching particle), respectively, d is the distance between
the spheropolyflocs surface, ε0 ¼ 8.854  1012 F/m is the
permittivity of vacuum, εr ¼ 78.5 is the dielectric constant of
water at 25  C, k ¼ 1/0.98 nm1 is the reciprocal Debye length,
and f is the surface electric potential.
Spheropolyfloc surface interactions were determined by
vertex to edge contacts. At each contact point, the contact
!
!
!
force F C was the resultant of elastic F E and viscous F V forces
expressed in their normal and tangential components as
!
!
!
!
!
F C ¼ F En þ F Et þ F Vn þ F Vt . The modulus of elastic forces in
!
F E are
FEn ¼ kn Dxn ;

(7a)

FEt ¼ kt Dxt :

(7b)

where kn and kt are the normal and tangential coefficients of
stiffness, which account for the deformation of kaolinite aggregates, Dxn is the overlapping length between two spheropolyflocs in contact, and Dxt is the tangential elastic
displacement. No sliding condition was assumed. The
!
modulus of viscous forces in F V are defined as
FVn ¼ Mln vn ;

(8a)

FVt ¼ Mlt vt :

(8b)

where ln and lt are the normal and tangential coefficients of
damping, vn and vt are the normal and tangential components
of contact velocity, respectively, and M ¼ (mimj)/(mi þ mj) is the
effective mass with mi and mj the masses of spheropolyflocs i
and j, respectively.
A summary of parameters used in Eq. (5) to Eq. (8) is given
in Table 1. kn was estimated as kn ¼ YAp/L, where Ap is the
projected area, L is the spheropolyfloc length perpendicular to
that projected area, and Y is the Young’s modulus (AlonsoMarroqun et al., 2013). For Y in the order of magnitude of
106 N m2 (McFarlane et al., 2005) and the ratio Ap/L, with
L ¼ 2req, changing only slightly for the observed kaolinite aggregates, we obtained kn ¼ 20 N m1. Values of kt were derived
to satisfy the relationship kt/kn ¼ (1  3n)/(1 þ n) (Wang and
Mora, 2008), with n ¼ 0.28 being the typical Poisson ratio of

Table 1 e Values of parameters used in Eqs. (5)e(8) for
each spheropolyfloc collision type (I, II and III). (a)Values
of ln depended on the effective mass of spheropolyflocs
and were calculated as described in Section 2.4.
Parameters
kn (N m1)
kt (N m1)
ln (s1)
lt (s1)
HA (N m)
f (mV)
reqi (mm)
reqj (mm)

Type I

Type II

Type III

20
2
(a)
2.1  105
2.1  104
1.0  1018
15
16.41
23.02

20
2
(a)
7.4  105
7.4  104
1.0  1018
15
4.95
23.02

20
2
(a)
1.2  106
1.2  105
1.0  1018
15
4.62
4.95
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clay (Vikash and Prashant, 2008). ln was calculated to
satisfy critical damping condition, i.e., collision time
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tc ¼ p= u20  ðln =2Þ2 /N, where u0 ¼ kn =M is the normal
oscillation frequency of the contact between the two spheropolyflocs (Luding, 1998). The limit above implied that
ln / 2u0. Finally, lt was calculated using the ratios lt/ln ¼ kt/kn
for the restitution parameters in the normal and tangential
directions. Typical values of Hamaker constant HA and surface
electric potential f for kaolinite mineral were from Zhang and
Zhang (2011).

2.5.

Ortho-axial and peri-axial collisions

Two different spheropolyflocs i (receiving) and j (approaching)
with similar RE were used to model ortho-axial (frontal) and
peri-axial (tangential) collisions in a gravitational field. Orthoaxial collision was modelled by aligning the spheropolyflocs
center of mass, while these were displaced in peri-axial
collision by a distance d ranging from 0 to dmax ¼ RiþRj,
where Ri and Rj are the distances from the center of mass to
the furthest possible contact point.
Experimental req were divided into two classes (req  5 mm
and req > 5 mm, with 5 mm the observed median aggregate size
presented later in Section 3.1). Three types of collision were
modelled to fully elucidate all possible collision kinetics: Type
I, for both reqi and reqj greater than 5 mm; Type II, for reqi  5 mm
and reqj > 5 mm; and Type III, for both reqi and reqj smaller than
5 mm. The orientation of colliding spheropolyflocs in orthoaxial collision were stochastically assigned 1000 times by
generating a value n between 0 and 1 with a uniform distribution using r and function (in Matlab R2012a), and the angle
of orientation q was determined as q ¼ n2p. Peri-axial collision
was modelled using the same orientations of ortho-axial
collision, but spheropolyflocs were displaced by various
d values.
The probability of collision and aggregation was then
calculated from the set of 1000 stochastic simulations and was
analysed for both ortho- and peri-axial collisions and for each
of the three collision types (I, II and III).

3.

Results

3.1.

Experimental size distribution

A total of 2596 aggregates were detected in the experimental
session, and were used in our analyses. The equivalent radii
req of these aggregates ranged from 1.69 mm to 35.55 mm, with
an average req of 6.53 mm and a median at about 5.44 mm
(Fig. 2).

3.2.

Optimal spheropolyflocs

Spheropolyfloc optimization metrics against experimental
kaolinite aggregates are depicted in Fig. 3, with the average RE
in the two size classes req  5 mm and req > 5 mm shown as a
function of N, and for r ¼ 1 mm (panel a), r ¼ 2 mm (panel b), and
r ¼ 4 mm (panel c). The average RE of equivalent spheres (i.e.,
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suggested here that condition r < req should be satisfied when
using spheropolygons for this purpose.
When condition r < req is satisfied, optimization is strictly
dependent on the number of vertices N in relation to the
roundness of a body. As small aggregates have higher degree
of roundness, fewer vertices were needed as compared to
large aggregates. Hence, assigning a value of N greater than
the maximum number of vertices in experimental samples
tended to produce greater RE. This may explain greater RE
values against an increasing N for spheropolyflocs with
req  5 mm (Fig. 3). Alongside, higher image resolution could
potentially further decrease RE; however, we expect that RE
would eventually decrease until a minimum point beyond
which RE would reach a steady value even with increasing N,
i.e., when the number of vertices is sufficient to describe the
actual roundness of a body. Hence, image resolution only
limits the use of the spheroradii, while the number of vertices
is limited by the actual roundness of a body.

600

Number of aggregates

500

400

300

200

100

0
0

10

20

30

r [μm]

40

eq

Fig. 2 e Equivalent radius histogram of experimental
kaolinite aggregates.

3.3.
for N ¼ 1 and r ¼ req) was represented in Fig. 3 with dashed
lines for comparison.
We note that, all generated spheropolyflocs had substantially smaller RE than that of equivalent spheres. We also
observe two specific patterns: on the one hand, RE increased
with increasing r in all tests. On the other hand, RE of spheropolyflocs with req > 5 mm decreased with increasing N
regardless of r values tested here. Spheropolyflocs with
r ¼ 1 mm applied to aggregates with req  5 mm resulted in a
decreasing RE with increasing N until a minimum was reached
at N ¼ 28 (Fig. 3a); beyond this point, RE seemed to oscillate
and presumably reached a steady value. For r ¼ 2 mm and
r ¼ 4 mm (Fig. 3b and c), RE was relatively constant over N for
req  5 mm.
In agreement with our results, Dobrohotoff et al. (2012)
demonstrated that RE decreased concordantly with r. As the
optimization algorithm used binary pixel images, r ¼ 1 mm (i.e.,
equivalent to 1 pixel) was the smallest possible spheroradius.
For aggregates with req  4 mm, spheroradii r  2 mm (i.e., about
or larger than req) tended to result in greater RE. Image resolution, therefore, poses a limitation in the use of r; it is

100

The analysis of collision presented here includes both cases of
equivalent spheres (N ¼ 1 and r ¼ req) and spheropolyflocs
(N > 1 and r > 0). Each case was investigated for the three
collision types (I, II and III).
From a general viewpoint, a collision event C between
equivalent spheres can result in two events: either C(dc < d0),
i.e., collision occurs within the attraction zone of the double
layer, or C(dc  d0), i.e., collision occurs outside the attraction
zone. Spheres are considered to be within the attraction zone
if the distance between centers of mass dc is smaller than the
!
!
critical distance d0 where F A þ F R ¼ 0, i.e., dc < d0. In either
event C(dc < d0) or C(dc  d0), the collision outcome of spheres
will not depend on the external shape but only on the relative
size and surface electrochemical characteristics. For the cases
analysed here, the size of experimental kaolinite aggregates
spanned within a relatively narrow range and only differed by
one order of magnitude, and thus, the difference in collision
outcome was likely to depend more on electrochemical
characteristics than sizes. Our results show that both orthoaxial (d ¼ 0) and peri-axial (0 < d  dmax) collisions between
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Collision probability in the double layer
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req > 5 μm (N = 1)
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50

req ≤ 5 μm (N = 1)
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Fig. 3 e Average and standard deviation of the relative error percent RE(%) of generated spheropolyflocs in size classes
req £ 5 mm (5 samples) and req > 5 mm (5 samples) as a function of N and for (a) r [ 1 mm, (b) r [ 2 mm and (c) r [ 4 mm, with
dashed lines representing the average RE(%) of equivalent spheres (i.e., N [ 1 and r [ req).
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0.2
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Type I (a)
4

8
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1
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0.2
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Type II (b)
4

8

N
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8
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N

Fig. 4 e Probability of collision within the attraction zone Pr[C(dc < d0)] for (a) Type I, (b) Type II, and (c) Type III collisions,
with d ranging from 0 to dmax. The number of vertices N on the x-axis refers to that of the approaching spheropolyfloc in
each collision type.

to d. This may be due to large aggregates (req > 5 mm) having
greater surface peculiarities than small aggregates
(req  5 mm), thus leading to shape effects on collision location
more evident than in other collision types.
These results give an evidence that the outer shape of aggregates may play an important role in determining whether a
collision would occur within or outside the double layer field.
Note, however, that this information is not enough to determine a priori if a collision within the attraction zone would
have aggregation as an outcome.

3.4.

Aggregation probability

If one presumes that aggregation were only be governed by
!
the van der Waals attractive force F A , all collisions occurring
within the attraction zone should lead to aggregation in opposition to those occurring outside; mathematically, this
could be written as Pr[AjC(dc < d0)] ¼ 1, where AjC(dc < d0) is an
event of aggregation when a collision occurred in the attraction zone. However, as anticipated earlier, collision within the
attraction zone is neither necessary a condition nor it is sufficient for aggregation to happen in that zone. In fact, external
shape is the factor that determines an outcome, and this

1

1

0.6

0.6

0.6

0.4

0.4

0.4

0.2
0.1
0.06
0.04

0.02
1

Pr[A | C(dc < d0)]

1

Pr[A | C(dc < d0)]

Pr[A | C(dc < d0)]

spheres of different sizes always resulted in collision within
the attraction zone (see Fig. 4 for N ¼ 1), and this is regardless
of whether the collision was of Type I, II or III.
Collisions between spheropolyflocs were modelled using
two spheropolyflocs with spheroradius r ¼ 1 mm (tests with
r > 1 mm were excluded after our analysis in Section 3.2) and
similar RE. The latter condition did not necessarily imply
spheropolyflocs with identical N. Conversely to equivalent
spheres, collision between spheropolyflocs within or outside
the attraction zone is a stochastic event that depends on the
surface asperities and relative orientation. To assess the effect
of external shape, the probability Pr[C(dc < d0)] that collision
occurred within the attraction zone of the double layer was
calculated for 1000 stochastic replicates in each collision type.
Fig. 4 shows that Pr[C(dc < d0)] of Type I and II collisions
decreased with increasing N and also with increasing d. For
Type III collision (between spheropolyflocs with req  5 mm),
the probability Pr[C(dc < d0)] ¼ 1 for all N and d values. This
complies with the fact that d0 was of similar order of magnitude as the size of aggregates. Among the three collision types,
Type I generally showed the lowest Pr[C(dc < d0)], and was
followed by Type II and III. The collision interaction between
aggregates with req > 5 mm also showed the highest sensitivity
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Fig. 5 e Conditional probability of aggregation after collision occurring within the attraction zone Pr[AjC(dc < d0)] for (a) Type
I, (b) Type II, and (c) Type III collisions, with d ranging from 0 to dmax. The number of vertices N on the x-axis refers to that of
the approaching spheropolyfloc in each collision type.
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factor is discussed in detail here for equivalent spheres and
spheropolyflocs.
For the tests using equivalent spheres, the outcome of
collision was found to always result in aggregation (Pr[A] ¼ 1)
because spheres did not have surface peculiarities. The relative rotation over one another would never bring their centers
!
!
of mass beyond d0 and, hence, F A > F R would hold regardless
of d and collision type (Fig. 5).
When spheropolyflocs collided and rotated over the surface
of each other, surface asperities could move their centers of
mass into or beyond d0. Results in Fig. 5 show that the aggregation probability after collision occurring within the attraction
zone was Pr[AjC(dc < d0)] < 1 in all cases. Generally, Pr
[AjC(dc < d0)] decreased with increasing N and increasing d for
the three collision types. Type II collision showed the highest Pr
[AjC(dc < d0)], while Type I and III collisions had lower probability. Note that although Type I and III involved spheropolyflocs of different size classes, these had very similar aggregate
size ratios reqj /reqi and, hence, were expected to have similar
probability of aggregation (e.g., Overbeek, 1952; Hogg et al., 1966).
On the other hand, the aggregation probability after collision occurring outside the attraction zone was Pr
[AjC(dc  d0)] > 0 in Type I and II collisions (Fig. 6). These
probabilities Pr[AjC(dc  d0)] decreased with increasing N and
increasing d. In Type I collision, Pr[AjC(dc  d0)] always equalled
0 when d ¼ dmax. We also observed that in general, Pr
[AjC(dc  d0)] < Pr[AjC(dc < d0)] in all cases, and that both Type I
and II collisions had relatively similar Pr[AjC(dc  d0)]. The
probability Pr[AjC(dc  d0)] in Type III collision was not shown
because collisions always occurred inside the attraction zone
as depicted in Fig. 4c. These results demonstrate the importance of external shape, not only in determining the location
of collision in the double layer, but also in conditioning
whether a collision would result in aggregation.

We identified four types of trajectory, each representing
one possible interaction mechanism: Trajectory A (Fig. 7a)
describes two spheropolyflocs colliding within d0 and rotating
over the surface of each other with their centers of mass always inside the attraction zone and, thus, resulting in aggregation; Trajectory B (Fig. 7b) represents a collision within the
attraction zone with the centers of mass of spheropolyflocs
falling beyond d0 during rotation, thus, causing them to repel
and depart from each other; Trajectory C (Fig. 7c) shows a
collision occurring beyond d0 that results in aggregation after
relative rotation moves their centers of mass into the attraction zone; and finally, Trajectory D (Fig. 7d) describes the case
where a collision occurs outside the attraction zone and does
not lead to aggregation.
Interaction mechanisms between spheropolyflocs in each
of the three collision types were investigated. The probability
of the four types of trajectory was calculated from 5000 stochastic replicates with d ranging from 0 to dmax (Fig. 8). Here,
we observed very distinct patterns in the occurrence of
different relative trajectories among the three collision types.
Trajectory D was observed in approximately 50% of Type I
collisions, and the probability increased with increasing N. In
Type II collision, Trajectory A was observed to be the most
frequent interaction mechanism but the occurrence of this
trajectory decreased as N increased. On the other hand, only
Trajectory A and B were observed in Type III collision, with the
probability of Trajectory A decreasing with increasing N.
These results suggest that the relative size of colliding
spheropolyflocs influences the way and mechanisms by
which they interacted, and implies that the effect of external
shape observed in one collision type may not be directly
applicable to collision of another type.

3.5.

4.

Relative trajectory of spheropolyflocs

We have highlighted several aspects of collision dynamics of
irregularly-shaped kaolinite aggregates, but we also recall that
there are several additional aspects that need to be discussed.
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With the capability to track the relative position of interacting
spheropolyflocs, we could analyse their trajectory before and
after collision.
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Fig. 6 e Conditional probability of aggregation after collision occurring outside the attraction zone Pr[AjC(dc ‡ d0)] for (a) Type
I, and (b) Type II collisions, with d ranging from 0 to dmax. The number of vertices N on the x-axis refers to that of the
approaching spheropolyfloc in each collision type.
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Fig. 7 e Trajectories of spheropolyflocs with N [ 64 and r [ 1 mm in Type I ortho-axial collision (d [ 0) for the cases where the
collision occurred (a) within d0 and resulted in aggregation (Trajectory A), (b) within d0 and did not lead to aggregation
(Trajectory B), (c) beyond d0 and led to aggregation (Trajectory C) and (d) beyond d0 with no aggregation observed (Trajectory D).

The internal aggregate architecture, porosity and fractal
dimension are presumably affecting collision interaction and
aggregation probability, whereas the aggregates in this PBM
were considered as solid bodies. Some previous studies suggest that collisions between porous and fractal aggregates
resulted in a higher aggregation probability as compared to
that of rigid, non-porous spheres (e.g., Serra and Logan, 1999;
Kim and Stolzenbach, 2004). Pores would increase the capture
efficiency of particles and aggregates, and hence the probability of aggregation, presumably due to flow through internal
open pores (e.g., Li and Logan, 1997; Kim and Stolzenbach,
2004). Higashitani et al. (2001) suggested that deformation of
the internal structure of aggregates, which led to aggregate
breakup, is important for porous aggregates, especially when
water flows through the pores. However, in this manuscript,
we assumed that the effect of collision-induced deformation
has a second order relevance on the collision outcome, while
we recognized this aspect to possibly cause nonlinearities that
may require further investigation. Note that pores could be
included in the approach presented here using aggregate
made of several spheropolyflocs solidly attached to their
neighbours. The case was not presented here yet as it was
beyond the purpose of this manuscript; however, research in

this direction is expected to elucidate interaction mechanisms
to further detail.
Our analysis was limited to binary collisions between
equivalent spheres and spheropolyflocs, and hence, we have
excluded the possible effects of simultaneous collision of
multiple aggregates. We do believe, though, that the time scales
of binary collision can be considered much smaller than the
time lap needed between two sequential collisions to occur.
Multiple collision can therefore be dealt with as a sequence of
binary collision, provided that the integration time step is small
enough (smaller than the average collision time lapse).
Hydrodynamics is the driving force of most processes and
mechanisms in natural water bodies and, hence, the interaction between fluid and particles dynamics could be important.
Flocculation, and aggregation and breakup rates are known to
be highly affected by the turbulence shear rate (e.g.,
Winterwerp, 1998; Maggi, 2005). Some earlier studies have
suggested that by taking into consideration wake effects, the
presence of a large particle may cause an increase in the
settling velocity of small particle and may tend to cause small
particle to elude from capture (e.g., McCave, 1984; Han and
Lawler, 1991; Zhu et al., 1994). However, fluid motion was not
described in our model and, therefore, the effects of wake and
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hydrodynamics on the aggregation dynamics of SPM were not
included explicitly. Although these may be important aspects
to be elucidated with this model, results in Sections 3.3 and 3.4
highlighted the role of the outer aggregate shape on the
probability of aggregation, that is the main focus of this work.
The drag force acting on a particle would potentially be
affected by its shape. In this manuscript, we adopted a
simplified assumption, that is, replacing the complex shape by
an equivalent sphere in the calculation of Stokes’ velocity.
Although considering the shape of aggregates within
NaviereStokes equations would improve the estimation of
settling velocity, the collision dynamics would not be significantly affected. Taking into account the shape within the
NaviereStokes framework would be beneficial in sediment
dynamics modelling where the Stokes’ settling velocity would
require to be superseded by a more accurate expression.
Overall, the morphological analyses in this work have
highlighted the capability of spheropolygon theory to capture
the details of aggregate external shape and the extent to
which it can affect collision and aggregation in a twodimensional binary system.

5.

Conclusion

This study puts forward an approach to approximate the
external shape of kaolinite aggregates using the spheropolygon
theory and highlights the effects of shape in collision and aggregation dynamics. The major findings of this study can be
summarized as follows: (i) spheropolyflocs generated based on
experimental kaolinite aggregates achieved an error <1% as
compared to equivalent spheres with error >32%; (ii) the

accuracy of shape description generally increased with
increasing number of vertices N and decreasing spheroradius r
used in spheropolygon optimization, provided that the condition r < req was met; (iii) in all collision cases, equivalent spheres
always collided within the attraction zone of the double layer
and resulted in aggregation; (iv) in collisions between spheropolyflocs, the probability of collision within the attraction
zone Pr[C(dc < d0)] and the probability of aggregation Pr[A]
generally decreased with increasing N; (v) both Pr[C(dc < d0)] and
Pr[A] also decreased with increasing displacement between the
centers of mass of the two colliding spheropolyflocs, i.e., in the
case of peri-axial collisions. We, therefore, conclude that the
kinetics of SPM are highly influenced by the surface asperities of
aggregates, which can effectively be accounted for by using
spheropolygons in mathematical models.
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