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Abstract We present a finite deformation method for 3-D
discrete element modeling. In this method particle rotation
is explicitly represented using quaternion and a complete
set of interactions is permitted between two bonded particles, i.e., normal and tangent forces, rolling and torsional
torques. Relative rotation between two particles is decomposed into two sequence-independent rotations, such that
an overall torsional and rolling angle can be distinguished
and torques caused by relative rotations are uniquely determined. Forces and torques are calculated in a finite deformation fashion, rather than incrementally. Compared with
the incremental methods our algorithm is numerically more
stable while it is consistent with the non-commutativity of
finite rotations. We study the macroscopic elastic properties
of a regularly arranged 2-D and 3-D lattice. Using a microto-macro approach based on the existence of a homogeneous
displacement field, we study the problem of how to choose
the particle-scale parameters (normal, tangent, rolling and
torsional stiffness) given the macroscopic elastic parameters
and geometry of lattice arrangement. The method is validated
by reproducing the wing crack propagation and the fracture
patterns under uniaxial compression. This study will provide
a theoretical basis for the calibration of the DEM parameters
required in engineering applications.
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1 Introduction
The discrete element method (DEM), pioneered by Cundall
[1], is a powerful numerical tool that is extensively used in
many scientific and engineering problems. The basic idea
behind DEM is to represent the material to be modeled as an
assemblage of discrete particles interacting with one another.
The precise nature of the interaction depends on the scale of
interest and the details of the simulation. At each time step,
the calculations performed in DEM alternate between integrating equations of motion for each particle, and applying
the force-displacement law at each contact, which updates
the contact forces based on the relative motions between two
particles and their relevant contact stiffnesses.
In DEM simulations, there are three important issues,
which play a very important role and greatly affect the simulation results: (1) The adoption of the force-displacement
law; (2) The method to update the interparticle interactions;
and (3) The correct choice of the microscopic parameters to
reproduce experimental data.
As regards the force-displacement law, different DEMs
employ different relationships, depending on what kind of
interaction is transmitted [2]. One kind of DEM permits
the neighboring particles to be bonded together by springs
through which both attractive and repulsive forces can be
transmitted [3–19]. Among these bonded models, some simple models only include normal forces between particles
[3–8]. Other models consider normal and tangent forces but
prohibit single particle rotations [9–11,18]. The main reason
to hinder rotation is to eliminate the effect of rolling, which
leads to bulk frictions much lower than those observed in
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real granular materials [20]. However, numerous studies from
experiments and numerical simulations suggest that rolling
resistance at contacts has a significant influence on behavior
of granular media [21–27]. These observations imply that at
least in certain cases, particle rotations and rotational stiffnesses can not be ignored. For these reasons full degrees
of freedom and the complete set of interactions needs to
be implemented to capture the overall dynamics of granular materials.
If a DEM contains the complete set of interactions, the
second important problem is how to calculate these interactions. In the few existing models which include the complete
set of interactions [2,13,14,28], the incremental method is
used to calculate forces and torques caused by relative translational motions and rotations. However, the method is accurate only when the time step is taken small enough. For larger
time steps, incremental methods lose accuracy because 3-D
finite rotations are non-commutative. Those errors can also
accumulate over time, leading to spurious path dependency
of the elastic energy. In this paper we introduce a method
where contact forces and torques are calculated from finite
displacement and finite particle rotation. We show that the
method reduces the sensitivity of the simulations on time
steps.
The third important issue we need to consider is how to
choose the contact stiffness parameters in order to get realistic macroscopic results. In most DEM simulations, values
for the micro-physical elastic stiffness parameters are typically chosen via empirical or trial-and-error methods [9–
11,29,30]. People from outside the DEM community sometimes have the wrong impression that DEM parameters are
chosen arbitrarily and the DEM does not generate the realistic macroscopic elasticity, as continuum models (such as
the finite element method) do. Therefore a theoretical study
about the choice of the stiffnesses is much needed and it is
desirable to derive the relationship between the particle scale
stiffness parameters (which characterize these interactions)
and the macroscopic elastic constants of the materials. Some
attempts have been made along this direction. For example,
elasticity of randomly packed granular material can be found
in [31,32]. Elastic properties of 3-D regular packing of elastic
spheres were calculated in [33–36]. However particle rotation and rotational stiffnesses were not taken into account in
these studies. The effect of particle rotation was considered
by Chang et al. [37] using a random packing. An extra group
of parameters was needed since their focus is on the materials with strong micro-polar effect. In this paper we derive
the macroscopic elasticity parameters for 2D and 3D regular packing in terms of the microscopic contact parameters,
taking into account the overall effects of particle rotations.
The paper is organized as follows: In Sect. 2 we present the
model and the way of calculating forces and torques based on
the state-of-art algorithm of decomposing finite rotations; in
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Sect. 3 we derive a relationship between the spring constants
and macroscopic elastic constants in case of identical spherical particles arranged in regular lattices. Section 4 gives some
numerical validations, followed by discussions and conclusions in Sect. 5.
2 Model
The model presented in this paper was implemented into
the ESyS_Particle platform. The ESyS_Particle, previously
called Lattice Solid Model or LSMearth, was motivated by
the Molecular Dynamics [38,39] but particle interactions are
specified to simulate the micro-mechanical behavior of rocks
[3–7]. It is similar in principle to the DEM to model granular
assemblages [1]. The ESyS_Particle has been applied to the
study of physical processes such as rock fracture [4,7], stickslip friction behavior [4,6], granular dynamics and heat-flow
paradox [5,40], localization phenomena [41], load-unload
response ratio theory [42,43] and critical point systems [44].
In this DEM implementation presented here a full set of
interactions is involved, that is, all three interactions (normal, tangent forces and rolling torques) in 2-D and six (normal, tangent forces, rolling and torsional torques) in 3-D are
transmitted between bonded particles. Here we introduce a
different technique that has been developed to decompose
the finite relative rotations between two rigid bodies in such
a way that the torques and forces caused by such relative
rotations can be uniquely determined.

2.1 The equations of particle motion
Particle motion can be decomposed into two completely independent parts, translational motion of the center of mass and
rotation about the center of mass. The former is governed by
the Newtonian equation
r̈(t) = f(t)/M,

(1)

where r(t) and M are position of the particle and the particle mass respectively. f(t) is the total forces acting on the
particle, which may include the spring forces by the neighboring particles (given in Eq. (20)), the forces by the walls,
viscous force, gravitational force etc. The equation above can
be integrated using the velocity Verlet scheme [4,6,38].
The particle rotation depends on the total applied torque
and usually involves two coordinate frames, one is fixed in
space, called space-fixed frame, in which Eq. (1) is applied.
The other is attached to the principal axes of the rotation
body, referred to as body-fixed frame. The particle rotation
is governed by the Euler’s equations (in the body-fixed frame)
[45]
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τxb = I x x ω̇bx − ωby ωzb I yy − Izz

Z

τ yb = I yy ω̇by − ωzb ωbx (Izz − I x x )


τzb = Izz ω̇zb − ωbx ωby I x x − I yy

(2)

where τxb , τ yb and τzb are components of total torque
τ b expressed in body-fixed frame, ωbx , ωby and ωzb are components of angular velocities ωb measured in body-fixed frame,
and I x x , I yy and Izz are the three principle moments of inertia
in body-fixed frame in which the inertia tensor is diagonal.
In case of 3-D spheres, I = I x x = I yy = Izz .
In our model, the unit quaternion q = q0 +q1 i +q2 j +q3 k
is used to explicitly describe the orientation of each particle
[46,47]. The physical meaning of a quaternion is that it represents a one-step rotation around the vector q1 î + q2 ĵ + q3 k̂
with a rotation angle of 2arccos(q0 ) [48]. A quaternion for
each particle satisfies the following equation [46,47],
1
Q̇ = Q0 (q),
2
⎛

⎞
⎛
q̇0
q0
⎜ q̇1 ⎟
⎜ q1
⎟
⎜
where Q̇ = ⎜
⎝ q̇2 ⎠ , Q0 (q) = ⎝ q2
q̇3
q3
⎛ b⎞
0ωx
⎜
⎟
 = ⎝ ωby ⎠ .
ωzb

fr
t

f s2

f s1
b1

b2

Y
X
Fig. 1 Six kinds of interactions between bonded particles. fr is normal
force, fs1 and fs2 are tangent forces, τ t is torsional torque, τ b1 and τ b2
are rolling torque

−q1
q0
q3
−q2

−q2
−q3
q0
q1

⎞
−q3
q2 ⎟
⎟,
−q1 ⎠
q0

(3)

Detailed algorithms to solve Eqs. (2)– (3) can be found in
Wang et al. [49,50].
2.2 Contact laws, particle interactions and calculation
of forces and torques
Three kinds of interactions exist between contact particles
in the current ESyS_Particle model: bonded, solely normal
repulsive and cohesionless frictional interaction. Bonded
interactions between particles in contact allow transmission
of tensile forces, which can be used to model behaviors of
continuum or intact materials. The breakage of bonds provides an explicit mechanism for microscopic fracture. This is
different from the solely normal repulsive and cohesionless
frictional interaction, which does not allow tensile forces to
be transmitted between particles.
2.2.1 Bonded interaction
For bonded interactions, the three important issues that need
to be specified are types of interactions being transmitted
between each particle pair, the algorithm to calculate the
interactions between bonded particles due to the relative
motion and the criterion for a bond to break.

The force-displacement law and interactions transmitted
Theoretically, six independent parameters are required to represent a 3-D particle, thus six kinds of relative motions exist
between two bonded particles. We hope that the relationship
between interactions and relative displacements between two
bonded particles can be written in the linear form (Fig. 1)
fr = K r r, fs1 = K s1 s1 fs2 = K s2 s2 ,
τ t = K t α t , τ b1 = K b1 α b1 , τ b2 = K b2 α b2 ,

(4)

where r, s1 (s2 )are the relative displacements in normal and tangent directions. α t and α b1 (α b2 ) are the
relative angular displacements caused by torsion and rolling.
fr , fs1 , fs2 , τ t , τ b1 and τ b2 are forces and torques, K r , K s1 ,
K s2 , K t , K b1 and K b2 are relevant stiffness. In this study
we assume that the bonds are identical in every direction,
K s = K s1 = K s2 and K b = K b1 = K b2 . It should be
pointed out that Eq. (4) is valid only for infinitesimal small
deformation. In case of finite deformation, rotation series
are non-commutative, or order dependent. For example, a
rotation of α b1 followed by a rotation of α b2 leads, in
principle, to a final orientation which is different when we
apply α b2 followed by α b1 . We will show that the two
rolling motions, α b1 and α b2 , actually can not be decoupled. Therefore in practice they are treated as one rolling
motion, controlled by an orientation angle.
Calculation of interactions due to relative motion Before
solving Eqs. (2)– (3), forces and torques due to the relative
motions between bonded particles need to be calculated based
on the position and orientation of each particle. We developed
a Finite Deformation Method (FDM) [50] as an alternative
to the incremental method [13,28]. In this method the total
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Relative motion between 2 particles
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r
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relative (translational and rotational) displacements between
each pair of bonded particles are calculated at each time step.
Then the forces and torques are calculated in terms of those
relative displacements. The method is different in spirit from
the incremental methods, where forces and torques are incremented in each time step based on those of the previous time
step.
The FDM scheme requires a complete decomposition of
the relative motions between particle pairs. The basic idea
of the decomposition is outlined in Fig. 2. The body-fixed
frame of one particle (particle 2) is taken as a reference, and
the relative motion between the two particles are decomposed
into relative translational motion (without relative rotation)
and relative rotation (without translation). The two parts are
completely independent. Then the translation is decomposed
into normal and tangent motions. To decompose the relative
rotation, a two-step decomposition scheme is developed in
which torsion (or twisting) and rolling (or rolling) are fully
decoupled and order-independent [50]. Note that the relative rotation may contribute to tangent motions. The detailed
algorithm is described below.
Suppose in the space-fixed frame, the initial positions of
particle 1 and 2 at time t = 0 are r10 = x10 i+ y10 j+z 10 k and
r20 = x20 i + y20 j + z 20 k, the initial orientations of particle 1
and 2 are p 0 = 1 + 0i + 0 j + 0k and q 0 = 1 + 0i + 0 j + 0k.
At time t, the current positions are r1 = x1 i + y1 j + z 1 k
and r2 = x2 i + y2 j + z 2 k, the current orientations are p =
p0 + p1 i + p2 j + p3 k and q = q0 + q1 i + q2 j + q3 k.
Let X 1 Y1 Z 1 and X 2 Y2 Z 2 represent the body-fixed frame of
particle 1 and 2, the relative translational displacements of
particle 1 with respect to X 2 Y2 Z 2 is (Fig. 3)
(5)

where
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Y2'

Fig. 2 The scheme of decomposing the relative motions between two
particles

r0 = r10 − r20 = x12 i + y12 j + z 12 k,

Z 2'

O2

fs

r = rc − r0 ,

r

rc

Relative rotation

Relative translation

Normal

ŝ

(6)

Fig. 3 The relative translational displacements of particle 1 relative to
particle 2 with respect to X 2 Y2 Z 2 co-ordinates is r · r0 and rc are
initial and current relative position of particle 1 in X 2 Y2 Z 2

is the initial position of particle 1 relative to particle 2 and rc ,
the current position of particle 1 relative to particle 2 (measured in X 2 Y2 Z 2 ), is determined by
rc = q −1 r f q,

(7)

where r f = r1 − r2 .
The normal force acting on particle 2 becomes
fr = K r (|rc | − |r0 |) rc /|rc |.

(8)

The tangent force acting on particle 2 has two contributions
fs = f ts + f rs ,

(9)

where
f ts = K s |r0 | γ ŝ,

(10)

is caused by the translational tangent displacement (|r0 | γ )
of particle 1 relative to X 2 Y2 Z 2 without relative rotation.
The angle γ is determined by cosγ = r0 · rc /|r0 | |rc | and
the direction of f ts is determined by unit vector ŝ = rc ×
(rc × r0 ) /|rc × (rc × r0 )|.
Since f ts is exerted on the contact surface of the two particles, rather than the center of particle 2, it generates a torque
τ ts =

1
|rc | f ts t̂,
2

(11)

where the unit vector t̂ = r0 × rc /|r0 × rc | specifies the
direction of τ ts . Note that Eqs. (8), (10) and (11) are evaluated in X 2 Y2 Z 2 co-ordinates.
f rs in Eq. (9), caused by relative rotation of particle 1 with
respect to X 2 Y2 Z 2 , is given later in Eqs. (16) and (18).
The relative rotation of particle 1 over particle 2, or rotation from X 2 Y2 Z 2 to X 1 Y1 Z 1 , is represented by the quaternion g o = q −1 p = q ∗ p (expressed in X 2 Y2 Z 2 ). Let
X 2 Y 2 Z 2 be an auxiliary frame, obtained by directly rotating X 2 Y2 Z 2 such that its Z 2 -axis is pointing to particle 1 at
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angle θ from the Z 2 -axis to the Z 1 -axis (with the orientation
angle ϕ − ψ) [50]. These two rotations, corresponding to the
relative torsion of angle ψ and rolling of angle θ between
two particles in our model, are sequence-independent. Rolling can not be decomposed further.
The advantage of the sequence-independent decomposition is that it respects the physical law (3-D finite rotation
series are order dependent) and the forces and torques determined by this decomposition are unique. The three independent parameters ψ, θ and ϕ are given by

Z1

O

Y2

Z
Fig. 4 An arbitrary rotation between two rigid bodies or two coordinate systems can be decomposed into two-step rotations, one pure axial
rotation of angle ψ around its Z 2 -axis, and one rotation of Z 2 -axis over
θ on certain plane controlled by another parameter ϕ

t = 0. X 2 Y 2 Z 2 rotates with X 2 Y2 Z 2 and there is no relative rotation between them. It is the X 2 Y 2 Z 2 system in
which we evaluate the relative rotation between two particles, which can also be expressed by the quaternion g =
h −1 g o h = g0 + g1 i + g2 j + g3 k (expressed in X 2 Y 2 Z 2
system), where the quaternion h specifies the rotation from
X 2 Y2 Z 2 to X 2 Y 2 Z 2 , and is given by
2
h0 =
2
√
2
h1 = −
2
√

2
h2 =
2

2 + y2 + z2 + z
x12
12
12
12
2 + y2 + z2
x12
12
12

,

2 + y2 + z2 − z
x12
12
12
12
2 + y2 + z2
x12
12
12
2 + y2 + z2 − z
x12
12
12
12
2 + y2 + z2
x12
12
12

y12
2 + y2
x12
12

2 + y2
x12
12

ψ
=
2

,

(12)

h 3 = 0.
By using quaternion algebra, it has been proved that [50] the
relative rotation g cannot be decomposed into three mutually independent rotations around three orthogonal axes as
expected in Eq. (4). Hopefully it can be decomposed into
two independent rotations. This means that one can either
start from a rotation of angle θ from Z 2 -axis to Z 1 -axis first
(determined by the orientation angle ϕ), then followed by an
axial rotation of angle ψ about Z 1 -axis (Fig. 4 corresponds to
this), or change orders of the two rotations such that an axial
rotation of angle ψ about Z 2 -axis is followed by a rotation of

g02 + g32



sin ϕ =

,

(13)

The decomposition of the rotation g can be mathematically
expressed as


θ
θ
θ
g = cos − i sin sin ϕ + j sin cos ϕ
2
2
2


ψ
ψ
(14)
× cos + k sin
2
2
or

 
ψ
ψ
θ
θ
g = cos + k sin
cos − i sin sin (ϕ − ψ)
2
2
2
2

θ
(15)
+ j sin cos (ϕ − ψ) .
2
Equation (14) stands for the rolling of angle θ then followed
by a torsion of angle ψ, while Eq. (15) for the opposite order.
The torques and tangent forces exerted on particle 2 are
(expressed in X 2 Y 2 Z 2 co-ordinates)
τ b = g  τ  b g 

,

g3

g1 g3 + g0 g2

,
2
g0 + g32 g12 + g22
g2 g3 − g0 g1
 2

.
g0 + g32 g12 + g22

cos ϕ =



x12

, sin

g02 + g32
2
cos θ = g0 − g12 − g22 + g32 ,

X2

√

g0

cos ψ2 =

τ t
f s
τ s

=

−1

,

g  τ t g −1 ,

= −K s |rc | θ (cos ϕi + sin ϕ j)/2,

(16)

= K s |rc |2 θ (sin ϕi − cos ϕ j)/4,


where τ  s is the torque generated by f s . τ b = K b θ −sin ϕ î

+ cos ϕ ĵ is the torque caused by rolling with no torsion, and
τ t = K t ψ k̂ is the torsional torque without rolling, and


θ
θ
θ
g  = cos − i sin sin ϕ + jsin cos ϕ
4
4
4


ψ
ψ
,
(17)
× cos + k sin
4
4
is the rotation of the contact surface of the two particles
expressed inX 2 Y 2 Z 2 . Equation (17) is similar to Eq. (14)
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τ rb = hτ b h −1 , τ rt = hτ  t h −1 ,
f rs = g  (h f s h −1 )g −1 , τ rs = g  (hτ s h −1 )g −1 ,

0.04
dt = 0.002
dt = 0.0012

(18)

0.00
0

50

(19)

The reason why a rotation of g  in Eq. (18) is required is that
the translational tangent displacement changes the direction
of normal force and also the direction of f rs , which should
always be vertical to the normal force. Note that translational motion and rotation is completely independent, and
one motion does not affect the other. Therefore τ rb and τ rt in
Eq. (18) do not need the rotation of g  , similarly f s and τ  s
in Eq. (16) do not need the rotation of g  .
The spring force and torque of each particle are expressed
as sums of contributions from all particles bonded to it
 

q f r + f ts + f rs q −1 ,
(20)
fsp =


b
t
r
r
r
(21)
τs + τs + τb + τt .
τ sp =
Since f in Eq. (1) is expressed in space-fixed frame, but
f r , f ts and f rs in Eqs. (8), (10) and (18) are evaluated in the
body-fixed frame, an extra transfer is required in Eq. (20).
Once forces and torques are obtained, Eqs. (1)– (3) can be
integrated for each particle.
To test our algorithm described above, we performed simulations where a line of bonded particles is first bended and
then twisted. Then we compare the relative errors in the calculation of the total energy incurred using the incremental
method (which is used by the most DEMs) and using our
algorithm for different time step sizes dt [50]. The relative
error is defined as (kinetic energy + potential energy − external work)/(external work). We found that the errors in the
incremental method increased much faster with increasing
time step than those in our algorithm, indicating that our
algorithm is more accurate and stable over a greater range of
time step sizes (Fig. 5).
Criterion for bond breakage In the ESyS_Particle model, a
bond breaks under either of the following conditions:
If the pure extensional force exceeds the threshold
fr ≥ Fr 0 (but it does not break under pure compression)
If the pure tangent force | f s | ≥ Fs0
If the pure torsional torque |τt | ≥ t0
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0.04

dt = 0.002
dt = 0.0012
dt = 0.0006

0.03

dt = 0.0002
dt = 0.0001

Errors

vγ
γ
γ
+
sin .
2
2
vγ

dt = 0.0002
dt = 0.0001

where g  is the rotation caused by the translational tangent
displacement (Eq. (10)). It is determined by a vector vγ =
r 0 × r c and an angle γ (Fig. 3), and is given as (in X 2 Y2 Z 2 )
g  = cos

dt = 0.0006

0.03

Errors

except that it is determined by parameter (θ/2, ψ/2 and ϕ)
instead of (θ, ψ and ϕ). The reason why the torques should
be rotated by a rotation of g  is because rolling and torsion
are coupled and they change the torque of each other when
they both exist.
Torques and forces can easily be transformed back to
X 2 Y2 Z 2 frame using

0.02

0.01

0.00
0

50

100

150

200

Time steps (X1000)

Fig. 5 Evolution of relative errors with time in the incremental method
(top) and in our algorithm (bottom) for different integration time steps
dt (from 0.0001 to 0.002). The errors increase much faster in the incremental method than that in our algorithm with increasing integration
time step dt

If the pure rolling torque|τb | ≥ b0 .
When all the interactions exist at the same time, the following empirical criterion is used to judge whether or not a
bond is going to break
| f s | |τt | |τb |
fr
+
+
+
≥ 1,
Fr 0
Fs0
t0
b0

(22)

where fs = fst + fsr (in 3-D). In the 2-D case the third term
in Eq. (22) drops. We set fr positive under extension and negative under compression such that it is more difficult for a
bond to break under compression than under extension, and
the effects of normal force on breakage of the bond has been
taken into account.
The similar combined criteria can be found in [1] where
only the first two terms in Eq. (22) are used and in [17]
where only the first and fourth term exist. A similar but
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parabolic-type criterion is employed in [51]. The other widely
used criterion is that a bond breaks either when the tensile
strength or the shear strength is reached (either fr ≥ Fr 0 or
| f s | ≥ Fs0 ) [13,14]. Several different criteria are presented
in [2,52]. More work is required to compare the different
types of criteria.
x3

2.2.2 Solely normal repulsive interaction

x2 x
1

When two particles contact elastically, only the normal force
exists when d < R1 + R2 , here d is the distance between the
two particles, R1 and R2 are radii of two particles
2.2.3 Cohesionless frictional interaction
In the case of the frictional interaction, forces are transmitted
in both normal and tangential directions when d < R1 + R2 .
The normal force is dealt exactly the same way it is dealt in
case of the elastic interaction. In tangential direction, stickslip frictional force is employed in the current ESyS_Particle
model [53].

3 Parameter calibration
In this section we introduce a micro-to-macro approach for
our model, which allows us to relate the input parameters of
our model to the material parameters of the bulk materials.
Our input parameters include the particle mass M, radius R,
stiffness parameters K r , K s , K b and K t , fracture parameters
Fr 0 , Fs0 , t0 and b0 , artificial damping parameters, integration time step and loading rate etc. We derive the relationship
between the macroscopic elastic constants and particle scale
stiffness in the case of equal sized particles and regular lattices, which will be presented as follows.
3.1 Elastic parameters: spring stiffness

Fig. 6 HCP lattice and coordinate system. The center of the HCP structure is placed on the origin of the coordinates

13

10

12

11

3

2

5

1

6

4
9

7

x3

x2 x
1
8

Fig. 7 FCC lattice and coordinate system. The center of the FCC structure is placed on the origin of the coordinates

location, and the local system x 1 x 2 x 3 , in which normal and
shear displacements are calculated for each bond. x 1 x 2 x 3
is defined by rotating the global system such that x 3 -axis
points from the central particle to one of its twelve neighbors
(Fig. 8). This rotation is presented by a group of direction
cosines: li j = cos(x  i , x j )(i, j= 1, 2, 3) [56].
Let u i and u i be displacements in the system x1 x2 x3 and

x 1 x 2 x 3 respectively. For each particle pair, the derivative of
relative displacement in the normal direction is

3.1.1 Background theory

∂u r /∂n = u  3,3 = l3i l3 j εi j ,

The derivation of the spring constant is based on a comparison between the discrete lattice model and the continuum model [32,54,55]. First we let the displacement of every
lattice point equal that of a corresponding point in the continuum model, then we choose a unit cell which is a periodically
repeating part of the network in both models, lastly we let
the energy stored in the unit cell of lattice equal the strain
energy stored in the unit cell of the continuum model.
In the 3-D case, the densest packing of equal-sized spheres
are hexagonal closed packing (HCP, Fig. 6) and face-centered cubic (FCC, Fig. 7). In both lattices, every sphere is
surrounded by twelve spheres. We employ two sets of coordinates, the global system x1 x2 x3 which defines each particle’s

where εi j = (u i, j + u j,i )/2. The derivative of relative displacement in the transverse direction (x 1 -direction and x 2 direction) are respectively ∂u s1 /∂n = u 1,3 − w 13 , and
∂u s2 /∂n = u 2,3 + w 32 , where w i j = (u i, j − u  j,i )/2
are the contributions from particle rotations. Consider that
u  j = l ji u i and ∂/∂ x  j = l ji ∂/∂ xi we have
∂u s1 /∂n = l1i l3 j εi j , ∂u s2 /∂n = l2i l3 j εi j

(23)

(24)

In the case of uniform strain, such as elongation and pure
shearing due to loading by a uniform stress, rolling and torsional motions are not involved. We choose the unit cell
which is composed of bisecting √
planes of 12 bonds. The volume of the unit cell is V = 4 2 R 3 , here R is the radius
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x3

This is transversely isotropic, which is a special case of an
orthotropic solid [57]. We can write the compliance form of
Eq. (26) as

x3

⎛

x1
x2
x1
x2
Fig. 8 Global system x1 x2 x3 and local system x 1 x 2 x 3 , x 1 x 2 x 3 is
gained by rotating the global system such that x 3 -axis points from the
central particle to one of its twelve neighbors

of the particles. The elastic energy stored in the unit cell is
Ed = R2

12

i=1





2
2
K ri ∂u ri /∂n + K si ∂u is1 /∂n

2 
.
+ K si ∂u is2 /∂n

(25)

When particles are arranged in HCP lattice (Fig. 6), we have
[56]
⎛
⎞ ⎛
⎞ ⎛
⎞
C11 C12 C13 0 0 0
ε11
σ11
⎜ σ22 ⎟ ⎜ C12 C11 C13 0 0 0 ⎟ ⎜ ε22 ⎟
⎜
⎟ ⎜
⎟ ⎜
⎟
⎜ σ33 ⎟ ⎜ C13 C13 C33 0 0 0 ⎟ ⎜ ε33 ⎟
⎜
⎟=⎜
⎟ ⎜
⎟
⎜ σ23 ⎟ ⎜ 0 0 0 C44 0 0 ⎟ ⎜ 2ε23 ⎟ , (26)
⎜
⎟ ⎜
⎟ ⎜
⎟
⎝ σ13 ⎠ ⎝ 0 0 0 0 C44 0 ⎠ ⎝ 2ε13 ⎠
where
C11 =
C12 =
C13 =
C33 =
C44 =
C66 =

0

0

0

0

C66

2ε12


√ 
2 29K r2 + 89K s2 + 170K r K s /48R (K r + 5K s ) ,
√
2(K r − K s ) (11K r + 49K s )/48R (K r + 5K s ) ,
√
2(K r − K s )/6R,
√
2(2K r + K s )/3R,
√
2(K r + 2K s )/6R,

√  2
2 3K r + 23K s2 + 22K r K s /16R (K r + 5K s )

= (C11 − C12 )/2.
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⎟
⎜
⎜ ε22 ⎟
⎟
⎜
⎜ ε33 ⎟
⎟
⎜
⎟
⎜
⎜ 2ε23 ⎟
⎟
⎜
⎜ 2ε13 ⎟
⎠
⎝
2ε12
⎛
1/E x
⎜
⎜ −νx y /E x
⎜
⎜
⎜ −νx z /E x
⎜
=⎜
⎜0
⎜
⎜
⎜0
⎜
⎝
0
σ11

−ν yx /E y −νzx /E z 0

0

0

−νzy /E z 0

0

0

1/E y

−ν yz /E y 1/E z

0

0

0

0

0

1/µ yz 0

0

0

0

0

1/µx z 0

0

0

0

0

⎞

1/µx y

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎞

⎜
⎟
⎜ σ22 ⎟
⎜
⎟
⎜ σ33 ⎟
⎜
⎟
×⎜
⎟
⎜ σ23 ⎟
⎜
⎟
⎜ σ13 ⎟
⎝
⎠
σ12
The Young’s modulus, Poisson’s ratio and shear modulus are
respectively

3.1.2 3-D lattices: HCP and FCC

0

⎞

⎛

Letting the strain density ρc = ρdis = E d /V and considering ∂ρc /∂εii = σii and ∂ρc /∂εi j = 2σi j , the constitutive
relation is obtained.

σ12

ε11

√


3 2K r (K r + K s ) 3K r2 + 23K s2 + 22K r K s


Ex = E y =
,
R 18K r3 + 119K r2 K s + 128K r K s2 + 23K s3
√
3 2K r (K r + K s )
,
Ez =
R (5K r + K s )


(K r − K s ) 6K r2 + 23K s2 + 31K r K s
νx y = ν yx =
,
18K r3 + 119K r2 K s + 128K r K s2 + 23K s3
νzx = νzy =

Kr − K s
,
5K r + K s



(K r − K s ) 3K r2 + 23K s2 + 22K r K s
,
18K r3 + 119K r2 K s + 128K r K s2 + 23K s3
√  2

2 3K r + 23K s2 + 22K r K s
µx y =
,
16R (K r + 5K s )
√
2 (K r + 2K s )
µx z = µ yz =
.
6R
νx z = ν yz =

(27)
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Similarly in the case of FCC (Fig. 7), we have [56]
⎞ ⎛
C11
σ11
⎜ σ22 ⎟ ⎜ C12
⎜
⎟ ⎜
⎜ σ33 ⎟ ⎜ C12
⎜ σ ⎟=⎜ 0
⎜ 23 ⎟ ⎜
⎝σ ⎠ ⎝0
13
σ12
0
⎛

⎛

C12
C11
C12
0
0
0

⎞ ⎛
ε11
1/E
⎜ ε22 ⎟ ⎜ −ν/E
⎜
⎟ ⎜
⎜ ε33 ⎟ ⎜ −ν/E
⎜ 2ε ⎟ = ⎜ 0
⎜ 23 ⎟ ⎜
⎝ 2ε ⎠ ⎝ 0
13
2ε12
0

C12
C12
C11
0
0
0

0
0
0
C44
0
0

0
0
0
0
C44
0

⎞
0
0 ⎟
⎟
0 ⎟
0 ⎟
⎟
0 ⎠
C44

⎛

⎞
e11
⎜ e22 ⎟
⎜
⎟
⎜ e33 ⎟
⎜ 2e ⎟ and
⎜ 23 ⎟
⎝ 2e ⎠
13
2e12

(28)

−ν/E
1/E
−ν/E
0
0
0

−ν/E
−ν/E
1/E
0
0
0

0
0
0
1/µ
0
0

0
0
0
0
1/µ
0

⎞
⎞⎛
0
σ11
0 ⎟⎜ σ22 ⎟
⎟
⎟⎜
0 ⎟⎜ σ33 ⎟
,
⎟
⎜
0 ⎟⎜ σ23 ⎟
⎟
0 ⎠⎝ σ13 ⎠
σ12
1/µ

√
√
where C11 =√ 2 (K r + K s )/2R, C12 = 2 (K r − K s )/4R
and C44 = 2(K r + K s )/4R = C11 /2. From Eq. (28), we
know that this is cubic material, the simplest case for an
orthotropic solid [57]. Three independent macroscopic elastic constants are
√
2 (K r + 3K s ) K r
,
E=
R (3K r + K s )
Kr − K s
,
(29)
ν=
3K r + K s
√
2 (K r + K s )
µ=
.
4R
K r and K s can be expressed in terms of E and ν as follows:
√

Kr =

2E R
,
2 (1 − 2ν)

Ks =

1 − 3ν
Kr .
1+ν

(30)

To have an estimation of K b and K t , we consider an infinite FCC continuum subjected to the pure bending stress:
σ11 = H z, σ22 = σ33 = 0, σ12 = σ23 = σ13 = 0. Here H is
a small constant. This stress field corresponds to macroscopic
bending.
In this case, rotation is involved. In the local system x 1 x 2

x 3 , the rotations of particles around three axes are represented by


w i j = u i, j − u  j,i /2 = liα l jβ wαβ ,

(31)

where wαβ = (u α,β − u β,α )/2. Then the relative torsional
angle around x 3 -axis and the two bending angles around
x 1 - and x 2 - axis are respectively (under small deformation
assumption)
θt = w 21B − w 21A , θb1 = w 32B − w 32 A ,
θb2 = w 13B − w 13A .

(32)

By comparing the strain energy distribution and the distribution of moments with respect to the y axis between the

continuum model and discrete lattice model, we have [56]
√
2E R 3
(1 − 2ν) R 2
=
Kr ,
Kb =
48 (1 − ν)
24 (1 − ν)
(33)
1 − 3ν
(1 − 2ν) R 2
Kb =
Ks .
Kt =
1+ν
24 (1 − ν)
Equation (33) is among the rare attempts to estimate the rotational stiffness besides Chang [37]. However, there are some
fundamental differences between our derivations of Eq. (33)
and those of Chang’s. First, their study is concerned with
the derivation of macroscopic elastic parameters from the
given particle scale spring stiffnesses (i.e. K r , K s , K b and
K t ). In contract, our studies follow the reverse direction, that
is, we derive the particle scale spring stiffness (K r , K s , K b
and K t ) from the given macroscopic elastic parameters (i.e.
E and ν). Second, in Chang’s micropolar theory, the rotational stiffnesses K b and K t are related to three additional
parameters (or polar constants), therefore they are independent of K r and K s (or E and ν), and may approach infinity. In
our formulas, K b and K t can not be infinite large, instead they
are related to K r and K s (or E and ν). The reason behind this
disagreement is that our purpose is to reproduce the equivalent macroscopic continuum elasticity, rather than elasticity
with strong micro-polar effect.
3.1.3 2-D triangular lattice
For the 2-D triangular lattice, Eq. (4) is reduced to fr =
K r r, f s = K s s, andτb = K b αb . Similarly we have
[56]
√
3E
1 − 3ν
, Ks =
Kr .
Kr =
(34)
3 (1 − ν)
1+ν
It generates macroscopic isotropic elasticity if we assume the
spring constants are identical for all bonds. This means that
Eq. (34) is invariant with respect to α, the orientation of the
lattice (Fig. 9). The bending stiffness is determined similarly
√
3 (1 + ν) (1 − 2ν) E R 2
.
(35)
Kb =
36 (1 − ν)

4 Numerical validations
The analytical results of Eqs. (30) and (33) have been tested
numerically using a 3-D FCC block under uni-axial compression [56]. We change the tangent stiffnessK s , and plot the
computed νagainst K s /K r in Fig. 10. The dots correspond
to the measurements from the numerical simulations, and
the line is the analytical result ν = (1 − β)/(3 + β) (from
the second equation term in Eq. (30)), here β = K s /K r . The
close agreement between the numerical measurements and
the analytical line validates the analytical results.
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x
Fig. 9 2D close-packed hexagonal lattice and unit cell (the area
enclosed by dashed lines)

Numerical results
Analytical results

0.3

Poisson's ratio

Fig. 11 Simulations of 2-D wing crack extension. Left results with
rolling resistance, right results without rolling resistance
0.2
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0.0
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0.6

0.8

1.0

Ks / Kr
Fig. 10 The variations of Poisson’s ratio with K s /K r . The analytical
line is ν = (1 − β)/(3 + β), here β = K s /K r

Some numerical simulations of rock fracture are performed using ESyS_Particle code. Figure11 shows the 2-D wing
crack extensions simulations. Wing cracks are frequently
observed in uni-axial compression of brittle materials with a
pre-existed crack. The typical growth pattern of wing cracks
is that tensile cracks nucleate at the tips of the flaw, grow in
a stable manner with increasing of compression, then tend
to align with the direction of axial loads [58]. The most
basic features of the laboratory observations are reproduced
(Fig. 11, left).
It is also found that if the single particle rotation is prohibited, or rolling stiffness between particles is absent (Fig. 11,
right), the realistic pattern of crack propagation observed in
laboratories can not be reproduced. Only when normal, tangent and rolling stiffness exist and particle rotation is permitted (Fig. 11, left), is it possible to reproduce laboratory tests
[59]. We conclude that particle rotation and rolling resistance
play a significant role and can not be neglected while modeling such phenomenon.
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Figure 12 shows the progressive fractures in a 3-D brittle
rock-like material. In this example, equal-sized particles are
arranged into FCC lattice which is subjected to a slow uniaxial compression in vertical direction. The colors represent
vertical displacement. Discontinuities mean the formation
of fractures which is difficult to be captured in laboratory
tests since this process always occurs very fast. After the
peak stress, the main faults are formed quickly and two
intact cores can be clearly observed with more fragile parts
shattering away from four sides. This kind of pattern is
always observed in rock fracture tests. Although this preliminary simulation is obtained using a regular packing, which
is not yet a realistic representation of geo-materials, it reproduces the most important features of brittle fracture, such
as the brittle behavior and two intact cores. Further studies
are going to be done for the different sized particle packing.

5 Discussions and conclusions
We present our DEM model, in which six parameters are
used to describe a single 3-D rigid body and each rigid body
is permitted to rotate. Neighboring bodies can be bonded
together by springs which transmit a full set of interactions.
Our model and algorithms are original with respect to some
existing algorithms in the following aspects: Firstly we use
quaternion to represent 3-D particle orientation into a finite
deformation scheme. There are no explicit rotational degrees
of freedom for particles in some of existing models, instead
only three angular velocities around three orthogonal axes are
used. In the 3-D case, one can not extract the exact orientation
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Fig. 12 Progressive fractures in 3D brittle rock under uni-axial compression

for each particle by simply integrating from the three angular
velocities, the reason is that even if three angles are obtained
by integration, the exact orientation of a particle still can
not be uniquely decided, since finite rotations in 3-D are
order dependent. In other words, for the same three angles,
different sequences of rotations will result in different final
orientations.
Secondly, our algorithm is based on the finite deformation
method in which total displacements are calculated instead
of the incremental displacements. At each time step T = t,
we only need initial, current position and orientation (i.e. at
T = 0 and t). In the most existing algorithms, force and
torques are computed in an incremental fashion. This means

that three incremental angles from time t-dt to t are computed
using three angular velocities, and then three incremental
torques are calculated and added to the torques at time t-dt to
get the torques at time t. The orders of the three incremental
rotations are ignored, which is theoretically permitted only
in case of infinitesimal rotations. It should be pointed out that
when torsion and rolling co-exist, rolling changes the axis of
torsion (Fig. 4), the incremental method failed to decouple
them. Using our decomposition technique, rolling and torsion are completely decoupled and uniquely determined, and
so are forces and torques between particles. Our algorithm
is numerically more accurate than the incremental method
and physically reliable. It is also very reliable when torsion
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and rolling stiffness are different and total potential energy
is required.
Lastly, theoretically only infinitesimal rotations in 3-D are
order independent, this means that the incremental method
requires very small time steps, therefore errors in the incremental method increase faster than in our algorithm as the
time step increases (Fig. 5).
We derived elastic parameters for the regular lattice model
in 2-D and 3-D. The results suggest that in the 2-D case, the
closely packed hexagonal lattice generates macroscopic isotropic elasticity if we assume the spring constants are identical for all bonds. While in the 3-D case, the densest packing,
HCP and FCC lattice, generate anisotropic elasticity. This
means that one must be careful defining how the coordinate
system is chosen when referring to Eqs. (26) and (28). Our
study also show that generally the ratio of the tangent to the
normal stiffness determines Poisson’s ratioν, and only when
K r = K s (which leads to ν = 0) do HCP and FCC yield
isotropic material. We suggest that K s ≤ K r should be used
as an upper limitation for K s in DEM simulations.
From Eqs. (33) and (35), we know that K b ∝ E R 2 in the
2-D case, and K t , K b ∝ E R 3 in the 3-D case, this implies
that when the particle size approaches zero the effects of
the rotational stiffness on the macroscopic elasticity can be
neglected. However their contribution to failure criterion and
effect in local stress transfer can not be ignored, as shown in
the wing crack simulation [59]. It should be pointed out that
Eqs. (26)– (30) and (33)– (35) are obtained under assumption
of equal-sized particle and regular packing, for the random
packing with different particle sizes, the stiffnesses need to
be changed for each particle pairs according to the radii of the
particles. In spite of this, Eqs. (26)– (30) and (33)– (35) can
still be used as a theoretical basis for the choice of parameters
in DEM modeling.
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