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ABSTRACT

Rolling and sliding play fundamental roles in the deformation of granular materials. In simulations of
granular flow using the discrete element method (DEM), the effect of rolling resistance at contacts should
be taken into account. However, even for the simplest case involving spherical particles, there is no
agreement on what is the best way to define rolling and sliding; various versions of definitions and
calculations of rolling and sliding were proposed. Some even suggest that a unique definition for rolling
and sliding is not possible. We re-check previous studies on rolling and sliding in DEMs and find that some
researchers made a conceptual mistake when dealing with pure sliding between particles of different
sizes. After considering the particle radius in the derivation of rolling velocity, the results yield a unique
solution. Starting with clear and unique definitions of pure rolling and sliding, we present the detailed
derivation and validate our results by checking two special cases of rolling. The decomposition of the
relative motion is objective; that is, independent of the reference frame in which the relative motion is

measured.

© 2015 Chinese Society of Particuology and Institute of Process Engineering, Chinese Academy of

Sciences. Published by Elsevier B.V. All rights reserved.

Introduction

Rolling and sliding are the two major local deformation mech-
anisms between contacting particles in granular materials. These
mechanisms control the overall behavior of granular materials.
Whereas sliding tends to dissipate energy through friction, rolling
is a deformation mode available to the granular material to mitigate
energy dissipation. In classical microscopic theories of strength and
dilatancy of granular media, sliding is considered to be the dom-
inant factor controlling the microscopic deformation of granular
materials. For example, the shear strength and dilatancy of soils
have been explained by pure sliding (Horne, 1965, 1969; Newland
& Allely, 1957; Rowe, 1962; Shodja & Nezami, 2003) while neglect-
ing effects from particle rolling. However, it has been recognized
that particle rotation and rolling between particles play important
roles in the mechanical behavior of granular materials, especially
in those composed of circular or spherical particles. From experi-
ments (Skinner, 1969), rolling is observed to become dominant as
inter-particle friction increases. Oda, Konishi, and Nemat-Nasser
(1982) also reported from their biaxial compression tests that
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inter-particle rolling dominates the micro-scale deformation of
granular media.

If the discrete element method (DEM) is used to analyze the
behavior of granular materials (Cundall & Strack, 1979), the over-
all effect of grain rotation on the strength of shear bands and the
amount of energy dissipation in granular material can be stud-
ied. Bardet et al. (Bardet, 1994; Bardet & Proubet, 1991) examined
the structure of shear bands in granular materials by numerically
simulating idealized granular media. They showed that particle
rotations concentrate inside shear bands and found that rotations
have significant effects on shear strength of granular materials.
Alonso-Marroquin, Vardoulakis, Hermann, Weatherley, and Mora
(2006) and Mora and Place (1998) showed that the rolling mode
between particles leads to a significant reduction of macroscopic
frictional dissipation, supporting the idea that rolling provides a
possible mechanism for the heat-flow paradox in the study of earth-
quake dynamics (Henyey & Wasserburg, 1971; Lachenbruch & Sass,
1992).

If spherical particles are adopted in the DEM, the calculated
macroscopic friction is limited to very low values because of exces-
sive rolling of the particles, and local friction has a limited effect
on the macroscopic shear strength (Oda et al., 1982). This situa-
tion can be improved using non-spherical particles (Ng, 2009; Salot,
Gotteland, & Villard, 2009), or by introducing more complex con-
tact laws including an additional rolling resistance (Iwashita & Oda,
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Nomenclature

n a unit vector pointing from the center of particle 1
to the center of particle 2

ry, Iy position vectors of particles 1 and 2

rc position vector of the contact point between two
particles

rp1, Ty vectors from the particle center to the contact point

Ri,R,  radii of particles 1 and 2

Vi, Vo linear velocity vectors of particles 1 and 2

Vin, Vo, normal components of vy and v, along vector n

Vit, Vot tangential components of v; and v, perpendicular
to vector n

V¢ contact velocity vector of the particle pair

Vet tangential component of the contact velocity v

v, v§ material velocities of the contact point in two par-
ticles

Vv§,, V5, tangential components of v{ and v§

S1, 82 objective velocities of particles 1 and 2

S1 Sor  components of s; and s, that contribute to rolling
velocity

S1s,S2s  components of s; and s, that contribute to sliding
velocity

1, ®, angular velocities of particles 1 and 2

®1,, Wy, normal components of w; and w, along vector n
1, Wy tangential components of w; and w; perpendicular
to the vector n

[N overall angular velocity of the common rotating ref-
erence frame with respect to the global system

®;ps angular velocity of rigid-body spinning

® angular velocity of rigid-body rotation

®pt angular velocity of pure twisting between two par-
ticles

Acronyms

RB rigid-body motion: two particles move together as
a single rigid body

RBT rigid-body translation: the particle pair has a rigid-
body translational motion

RBR rigid-body rotation: two particles rotate together as
a single rigid body

RBS rigid-body spinning: two particles spin together as
a single rigid body around the vector n

PR pure rolling: two particles rotate over each other in
a gear-like fashion

PS pure sliding: occurs when the only motion is both
particles rotating with the same angular velocity

PT pure twisting between two particles

1998; Plassiard, Belheine, & Donz, 2009). Rolling resistance models
are widely used by DEM researchers. Iwashita and Oda (1998,2000)
noted that the conventional DEM could not reproduce the large
voids and high rotational gradients observed in shear band exper-
iments. They found that rolling resistance causes arching at the
contacts, permitting the easy formation of voids in physical tests.
Therefore they proposed a modified model of the conventional
DEM that took rolling resistance into account. Tordesillas et al.
(Tordesillas, Peters, & Muthuswamy, 2005; Tordesillas & Walsh,
2002)incorporated rolling resistance in the DEM and examined the
influence of particle rotation and rolling resistance in the rigid flat-
punch problem, and found that extensive particle rotations occur
near the edges of punch where there are high stress concentra-
tions. These rotations lead to dilatation in the region adjacent to
the sides of the punch. Wang and Mora (2008) showed that when

only normal forces are transmitted, or rolling resistance is absent,
the laboratory tests of wing-crack extension cannot be reproduced.

Quantitative investigation of the effects of rolling and sliding
using the DEM demands a clear and unambiguous definition and
calculation of rolling and sliding deformation. In principle, the rel-
ative motion between two particles in contact can be decomposed
into several independent components: relative motion in the nor-
mal direction, relative motion in the tangential direction, or sliding,
relative rolling, and in the 3-D case, relative twisting. However,
even for the simplest 2-D case involving circular particles, there
is surprisingly no agreement on what is the best way to define
rolling and sliding. Various versions of definitions and calcula-
tions of rolling and sliding were proposed (Ai, Chen, Rotter, & Ooi,
2011; Alonso-Marroquin et al., 2006; Bagi & Kuhn, 2004; Bardet,
1994; Bardet & Proubet, 1991; Iwashita & Oda, 1998; Jiang, Yu, &
Harris, 2005; Kuhn & Bagi, 20044, 2004b; Luding, 2008; Mohamed &
Gutierrez, 2010; Tordesillas et al., 2005; Tordesillas & Walsh, 2002).
Some sources directly contradict others, confusing researchers in
the DEM field. This even leads some researchers to suggest that
there is no unique way to define rolling displacement (Bagi & Kuhn,
2004).

Based on clear definitions of pure rolling and sliding, Wang,
Alonso-Marroquin, Xue, and Xie (2015) derived the rolling and slid-
ing components in a simple way. They found that a conceptual
mistake had been made in some previous models when dealing
with pure sliding. After correcting the mistake, Iwashita-Oda’s
derivation and subsequently others produced correct results.
Hence, they argued that there is indeed a unique way to deter-
mine the rolling velocity in the 2-D case. Rolling and sliding in the
general 3-D case are more complicated. Currently there are only
a few 3-D rolling models discussed in the literature (Bagi & Kuhn,
2004; Kuhn &Bagi, 2004a, 2004b; Luding, 2008), which do not agree
with each other. The motivation of this paper is to derive rolling
and sliding velocities in the 3-D case and to resolve the inconsis-
tencies in rolling velocities found in the literature. As the method
used to derive the 2-D rolling velocity is not general and cannot
be applied to the 3-D case directly, in this paper we study the 3-D
rolling problem by adopting a general vectorial notation developed
in the previous papers (Alonso-Marroquin et al., 2006; Bagi & Kuhn,
2004; Kuhn & Bagi, 2004a, 2004b; Luding, 2008). This method is
strict, unique, and objective.

Problem statement

Fig. 1 shows the kinematics of two particles indexed by 1 and
2. During a time step from t to t+ At, two particles 1 and 2, with
radii Ry and Ry, respectively, remain in contact. Let r; and r, be
the position vectors of the two particles, vy and v, be their linear
velocity vectors, w1 and w; be their angular velocities. Now the
question is: for any arbitrary 3-D case, is there a unique way to
determine rolling and sliding components? If the answer is yes,
how? To answer these questions, we first need to define rigid-body
(RB) velocity, objective velocities, pure rolling, and sliding.

Definition
Rigid-body velocity and objective velocities

A general vectorial notation developed in previous papers
(Alonso-Marroquin et al., 2006; Bagi & Kuhn, 2004; Kuhn & Bagi,
2004a, 2004b; Luding, 2008) is followed here. Let n be a unit vector
pointing from the center of particle 1 to the center of particle 2:

r;—-n Ir;-rn

n=——~ , 1
Ir —r1]  Ri+Rp M
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contact plane

x~

Fig. 1. Kinematics of two spherical particles in momentary contact.

where the approximation is valid only when the normal deforma-
tion is much smaller than the diameter of the particles (we assume
this is true throughout this paper). For particle i (i=1, 2), the veloc-
ity can be decomposed into two parts: the component along n and
the component perpendicular to n, which is on the contact plane:
V; = Vi, + Vjg, i=1,2 (2)
where the normal components are

Vip=(v;-n)n, i=1,2 3)
and the tangential components are

Vii=V;i—(v;-m)n, i=1,2 (4)

Let us define the branch vector as the vector connecting the cen-
ters of mass of the two particles. The position of the point attached
to the branch vector at the contact is

Ic =T +Tp1 =r; +Rin. (5)
The contact velocity is defined as the velocity of this point,

dr Rivy + Ryv
vee ey 4 _ Kiv2 + Koy

Ry
dt 1 R1+R2(VZ_V1)_ R +Ry
As we are only interested in the rolling and sliding motions
between the two particles, which occur on the contact plane, we
define the rigid-body (RB) velocity as the tangential component of
the contact velocity,

(6)

RyVa¢ + Ryvye
R] + R2

Let us consider two points attached to each particle, in a region
infinitely near to the contact point. The material velocity of the
point of contact has two possible values depending on which par-
ticle it is assumed to belong to. The velocities of these points can
be determined in terms of the linear and angular velocities of the
two particles:

(7)

Vet =Ve — (Ve-m)n =

V{ =V; + @1 x Ipp, (8)

V5 = Vo + @3 X Ipa. (9)
Their tangential components are given as:

Vi, = Vit + @1 X Ipq, (10)

V5, = Vor + @) X Ipp. (11)

Fig.2. Rigid-body rotation (RBR): two particles rotate together as a single rigid body.
The left figure is the initial state. In this plot the velocity of the first particle is zero
(v1 =0), or the two particles rotate around the center of particle 1. The equator of
each sphere represents its orientation.

The objective velocities of the two particles at the contact can
be defined as the velocities of material points of Eqs. (10) and (11)
subtracted by the RB velocity:

Ry(var —v1i)

Slzvc — Vet =MW1 XTp1 — ——F5—
1t P Ri +Ry

Ry(var — V1)

Sz:VC — Vet =0y XIpp + ———F7—
2t P R1+R;

Considering rp; =Ryn and rp =— Ryn, we have

Ri(vae — Vi)

S1 =Rj®w1 xn-—
=" Ri +R>

(12)
Ro(var — Vi)

13
R R, (13)

S = —Rymwy xn+

These two velocities are objective in the sense that their mag-
nitudes are not affected by the common RB motion of the particle
pair, to be shown below.

RB motion occurs when two particles move together as a single
rigid body. In this case, the distance between any arbitrary chosen
points on the two particles remains constant during the motion.
There are three special RB cases. The first case is the rigid-body
translation (RBT): the particle pair has a RB translational motion,
and both particles have no rotation (n is a constant vector). RBT can
be mathematically expressed as:

Vi =Vvy #0, (14a)

w] =mw,; =0. (14b)

The second special RB case is the rigid-body rotation (RBR): two
particles rotate together as a single RB (as a special case of RBR, n
is rotating around the center of particle 1, as shown in Fig. 2). RBR
can be mathematically expressed as:

] =w, 0, (153)
®; xn#0, (15b)
Vy — V] =Vy — Vit = (R + Ry)mwq x n. (15c¢)
Eq. (15c¢) is equivalent to
W — _nx(va-wv1)
W] =W = Wy = Ri 1+ Ry (]5d)

where wyy; is the angular velocity of the RBR.
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Fig. 3. Pure rolling (PR): two particles rotate over each other in a gear-like fashion.
The left figure is the initial state.

The last special RB case is the rigid-body spinning (RBS): two
particles spin together as a single RB around the vector n. RBS can
be mathematically expressed as:

W] =Wy #O, (163)
®w; xn=0, (16b)
vi =v, =0. (16C)

From Eqgs. (12) and (13), we obtain the following relation for all
three special RB cases:

s1=s,=0. (17)

An arbitrary RB motion involves combinations of RBT, RBR, and
RBS; therefore, s; =s, =0 always holds for RB. This means that the
objective velocities vanish if and only if the two particles move as
a single RB.

If the two particles do not move as a single rigid body, the
objective velocities involve rolling, sliding or accumulation of shear
strain at the contact. To decompose the objective velocities into
rolling and sliding velocity, we first need to define clearly and rig-
orously pure rolling and pure sliding.

Pure rolling and sliding

Pure rolling (PR)

PR occurs when two particles are rotating anti-parallel with
angular velocities perpendicular to the normal direction n. In this
case, the contact point is changing and no relative transverse dis-
placement (or velocity) occurs at the contact point (Fig. 3). This can
be mathematically expressed as:

vi=0, vy,=0; (18a)

®w;Lln ®; Ln (18b)

W1 X Tp; = @y X Ip). (18c)
The following two equations are found to hold for PR:

S2 =S1, (19)

W) = —%(m. (20)

If @1 and w; are constant vectors, the trajectories of the contact
points in both particles are great circles perpendicular to w4 or w,.

Fig. 4. Pure sliding (PS): two particles rotate with the same angular velocity. The
left figure is the initial state.

Pure sliding (PS)
PS occurs when the only motion is both particles rotating with
the same angular velocity perpendicular to the vector n (Fig. 4).

vi=0, vy,=0; (21a)

®w;Lln o Ln; (21b)

0] = m). (21¢)
As was pointed out by Wang et al. (2015), for PS,

S1=—S). (22)

is only valid when R; =R;, but not when Ry # R,. Instead, we use
the following formula

S1 S2

R )

Eq. (23) always holds for PS regardless of particle sizes. As will
be pointed out in section “Comparison with earlier rolling models”,
Eq. (22) leads to incorrect calculations for rolling velocity.

From the definitions, it is clear that relative transverse velocity
occurs, but there is no relative rotation between the two particles
for PS, whereas for PR there must be relative rotation, but no relative
transverse velocity between them. Therefore, PS does not have a PR
component and vice versa. In other words, PS and PR are mutually
independent.

Derivation of rolling and sliding in the general 3-D case

Generally, vy, V2, @1, and o, can have arbitrary magnitudes and
directions. However, the objective velocities of the two particles s4
and s, are always on the contact plane, even though their magni-
tudes and directions can be arbitrary. From the linear independence
of PR and PS, we can decompose both s; and s; into their PR and PS
components (Fig. 5):

$1 = S1r + Sts, (24)
$2 = Sor + S2s, (25)

where s15 and sy are the objective velocity components from the
two particles contributing to PS, and sq; and s;; are the objective
velocity components contributing to PR.

Considering Eq. (19) in PR and Eq. (23) in PS, we have the fol-
lowing two equations:

Si; =Sy, forPR; (26)
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Fig. 5. The object velocities of the two particles s; and s, and their decomposition
on the contact plane. s;s and s, are components contributing to PS; s;, and sy, are
components contributing to PR.

S1s S2s

—2 - _2=_ forPS. 27

R= g for (27)
Egs. (24)-(27) have four unknown vectors, S1y, S1s, Sor, and Sos;

hence unique solutions exist:

R Ry

S":SZFZR1+R2S1+R1+R2§2’ (28)
Ry

S1s = — Sy —S1), 29

1s R1+R2(2 1) (29)
R

Sys = ———(S3 — S1). 30

2s R1+R2( 2 —S1) (30)

The rolling velocity component is v, =S =S5, and therefore
from Eqs. (12), (13), and (28) we have
_ RiRy
- Ri +Ry
From Eqgs. (12), (13), (29), and (30), the sliding velocity compo-
nent can be calculated:

Vr

((n)] XN — ) ><l'l). (31)

Vs = Sps —S1s = —Rpwy x N — Ry x N+ V¢ — Vy¢. (32)

Egs. (31) and (32) give the rolling and sliding velocity for the
general 3-D case. It can be seen from Eq. (31) that the rolling veloc-
ity depends only on the angular velocities of the two particles. In
Eq. (32), the first and second terms are the contribution of particle
rotations to sliding velocity, whereas the third and fourth terms
are from the relative translational motion between the two parti-
cles. Egs. (31) and (32) are objective, because any common rotation
(rigid-body rotation) of the two particles vanishes in the derivation
(Egs. (17) and (28)—(30)). It can be seen that for PS, v; =0 (see Eqs.
(21a), (21c), and (31)), and for PR, vs =0 (see Egs. (18a), (20), and
(32)). This further shows that PS and PR are independent.

Complete decomposition and special cases

Complete decomposition of the relative motion between two
particles

It is evident from Egs. (31) and (32) that the tangential com-
ponents of particle velocities v;; do not contribute to the rolling
velocity, but only contribute to the sliding velocity. The normal
components of the particle velocities v;, have no influence on either

the rolling velocity or the sliding velocity. Instead, they contribute
to the normal relative velocity by

Vn =V — Vi = ((V2 —vq)-m)n. (33)

Similar to Egs. (2)-(4), the angular velocity can also be decom-
posed into two parts:

0 =0+, i=1,2 (34)

where the normal components are

Wi, =(wi~n)n, i= 1,2 (35)

and the tangential components are

Wi = M; 7((.01' -n)n, i=1,2 (36)

Because w; x n=w; xn (i=1, 2), the contributions of angular
velocities to the rolling and the sliding velocity (Egs. (31) and (32))
are actually from w;.. The contribution of wy;, is discussed below.

If w1, = w3y, the particle pair spin as a single rigid-body (RBS);
if W1, =— w7y, pure twisting (PT) occurs. For the general case, the
motion induced by w;, can be decomposed into two independent
parts corresponding to RBS and PT:

1

Wyps = i(wln + o), (37)
1

0pt = 5(@Wn — @1n). (38)

Therefore, any arbitrary relative motion between the two par-
ticles can be decomposed into four independent parts: the normal
relative motion (Eq. (33)), sliding (PS, Eq. (32)), rolling (PR, Eq. (31))
and twisting (PT, Eq. (38)).

We can define the common rotating reference frame as the coor-
dinate system with its z-axis oriented parallel to n and the x- and
y-axes rotating around n with angular velocity . As n may rotate
with respect to the global system (Eq. (15d)), the overall angular
velocity of the common rotating reference frame with respect to
the global system is

1 nx(vy —vq)
Wrh = Wrhs + Oppr = i(mln + 2,) + W

The RB motion (RBT, RBR and RBS) has no influence on the four
basic kinds of relative motion described by Eqs. (31)-(33), and (38),
and vanishes in the common rotating reference frame.

(39)

Special cases

Two special cases are discussed here. In the 2-D case, v; and
v, are limited in the x —y plane, ®w; and w, in the £z direction.
The six vectors in Fig. 5 (1, S2, S1r» S1s, S2r, and Syg) align in the
same straight line. If we assume that counter-clockwise angular
velocities are positive, and t=n x Kkis the unit tangent vector at the
contact point C, with k a unit vector in the z-direction, then Egs.
(31) and (32) become scalar quantities:

RiR
Vr = w1 — wy), 40
r R1+R2( 1 —w2) (40)
Vs = Riw1 + Rowy + va¢ — V. (41)

These are exactly the rolling and sliding velocities derived by
Wang et al. (2015). This means that the general 2-D situation is a
special case of the 3-D analysis.

The second case is a special case of rolling: two particles rotate
like bevel gears (Fig. 6). In this case, the vectors ®w; and w, are not
anti-parallel, but stay in the same plane and remain constant with
respect to the global frame. As Eqs. (18a) and (18c) both hold but Eq.
(18b)does not, there is no relative transverse velocity at the contact
point, indicating that this is rolling without a sliding component.



54 Y. Wang et al. / Particuology 23 (2015) 49-55

Fig. 6. A special case of rolling (but not pure rolling). Two particles rotate like bevel
gears.

If we further assume that wi, =w;,, then twisting is not active.
Observing from the common rotating reference frame, we would
conclude that the two particles have pure rolling motion over each
other at any instant moment, but w1 and wy; are always changing
their directions, rotating round the normal direction n with angular
velocity of —w1,,. The trajectories of the contact points in both par-
ticles are small circles perpendicular to w; and w; (Fig. 6). From
this example, we see that rolling directions in 3-D can change at
any moment, which is not the case in the 2-D case.

The rolling and sliding velocities described by Eqs. (31) and (32)
are valid for all special cases, which can similarly be analyzed and
checked but is not repeated here.

Comparison with earlier rolling models

Kuhn and Bagi (2004a, 2004b) and Bagi and Kuhn (2004 ) derived
the following 2-D and 3-D rolling velocities (termed as “Type 2
rolling” or “the Iwashita-Oda rolling”):

Ry — R4
Ri+R;

1
Vr= = |:R](,l)1 —Rywy +

2 (V2 —V1)~t} , for2-D; (42)

Ry — R4
Rl +R2

1
Vr = 5 {Rwo] XxM—Rymy x N+ (var —vlt)] , for3-D;

(43)

where tin Eq. (42) is the unit tangent vector at the contact point C.

Contrary to Eq. (31), Egs. (42) and (43) imply that the linear
velocities of the particles contribute directly to the rolling veloc-
ity when Ry # R;. If R, =R, the third terms in Egs. (42) and (43)
drop out, and Eq. (43) agrees with Eq. (31). However, a difficulty
emerges in Eq. (43) in cases with different particle sizes. For exam-
ple, for PS + RBR (Fig. 7), the particles do not rotate, and a zero rolling
velocity should be expected. However, Eqgs. (42) and (43) predict
a non-zero rolling velocity coming from the third term. A more
detailed discussion on the problems of Eq. (42) can be found in our
recent paper (Wang et al., 2015).

The reason why Egs. (42) and (43) were obtained is explained
here. Iwashita and Oda (1998) wrote: “if da equals db pure sliding
occurred without any particle rotation”; here da and db were the
arcs corresponding to s; At and s At in the paper. This statement
is similar to Eq. (22), indicating that the following formula,

S1s = —S2s, (44)

Fig. 7. Two particles do not rotate, but have a relative tangential displacement. The
left figure is the initial state. This is PS+RBR if observed in the global frame, and PS
if observed in the common rotating reference frame.

will replace Eq. (27). Solving Eqs. (24)-(26) and (44) yields the
following solutions, instead of Egs. (28)-(30):

1
Sir =S = 5(52 +51), (45)
1
Sis = —5(52 —-51), (46)
1
S5 = 5(52 —s1). (47)

Eq. (45) implies that the rolling velocity is the arithmetic aver-
age of the movements of two material points, contrary to Eq. (28)
where the rolling velocity is the weighted average. Consequently,
the wrong rolling velocity of Eq. (43) was obtained based on Eqs.
(12), (13), and (45). Note that the same sliding velocity of Eq. (32)
is obtained using vs =sys — S15, even though s;5 and sys (Egs. (46)
and (47)) are not correct. It seems that Kuhn and Bagi (2004a,
2004b) and Bagi and Kuhn (2004) derived Eqs. (42) and (43) by
directly defining the rolling velocity as Eq. (45), rather than fol-
lowing Iwashita and Oda’s statement on PS (Eq. (44)). Our analysis
shows that Eq. (45) is the direct consequence of Eq. (44). As dis-
cussed in Egs. (22) and (23), Eq. (44) is not physically accurate,
and is responsible for the failure of Egs. (42) and (43) if Ry # Ry,
because this equation ignores the important physical picture that
for PS, da=db is only valid for Ry =R,, and does not hold when
Ry # R,. Therefore, it is fair to say that Eq. (43) is correct only if
Ry =R;. Meanwhile, we argue that the direct definition of rolling
velocity in a general case is very difficult and prone to errors, as
for Eq. (45). However, one exception is the correct rolling velocity
directly defined by Luding (2008). Although no further explanation
can be found in the literature, his formula is based on the principle
of objectivity, and is identical to Eq. (31).

Concluding remarks

Rolling and sliding in 3-D are more complicated than in 2-D
because they can always change direction. In this paper, we derived
rolling and sliding velocities for the general 3-D case. First we calcu-
lated the material velocities of the contact points. These velocities,
termed the objective velocities, vanish if the two particles move
as a single rigid body. Then we defined pure rolling and pure slid-
ing deformation between two particles. By these definitions, the
correct rolling and sliding velocities in 3-D are derived.

The results show that any arbitrary relative motion between the
two particles can be decomposed into four independent terms: nor-
mal relative motion, sliding, rolling and twisting. The derivations
and results are objective, indicating that any common motion of the
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two particles (moving as a single rigid-body) vanishes. The rolling
and sliding velocities derived in this paper reduced to the 2-D case,
and the results were valid in all special cases tested.

As a core result, we pointed out that the Iwashita-Oda rolling
model fails to predict the correct rolling velocity when two particles
have different sizes. The failure was caused by either misunder-
standing the properties in pure rolling or the direct definition
of rolling velocity in the general case in a seemingly reasonable
way, which was actually found to be physically incorrect. After
correcting the mistakes, Iwashita-Oda’s rolling velocity and those
subsequent came to the correct result. Compared with the direct
definition of rolling velocity in the general case in the previous
studies, our derivations based on the definitions of pure rolling and
sliding motion are simpler, more fundamental, and less prone to
mistakes. We conclude that there is indeed a unique way to define
rolling displacement in the 3-D case, and that rolling and sliding
are completely decomposable.
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